We present a collimation technique based on a double grating system to locate with high accuracy an emitter in the focal plane of a lens. Talbot self-images are projected onto the second grating producing moiré interferences. By means of two photodetectors positioned just behind the second grating, it is possible to determine the optimal position of the light source for collimation by measuring the phase shift between the signals over the two photodetectors. We obtain mathematical expressions of the signal in terms of defocus. This allows us to perform an automated technique for collimation. In addition, a simple and accurate visual criterion for collimating a light source using a lens is proposed. Experimental results that corroborate the proposed technique are also presented.
Introduction
Because of their long range of applications, double grating systems have been studied for many years [1] [2] [3] . These systems are found in several different devices such as optical encoders, machine tools, robotics, interferometers, and spectrometers [4] [5] [6] . Also, double grating systems have been successfully employed in wavefront sensing and beam aberration measurements [7] [8] [9] [10] [11] [12] . Related to these applications, collimation testing appears as a useful application of double grating systems [13] [14] [15] .
A way to obtain a collimated beam is to place a narrow light source, such as a LED, in the focal plane of a lens. The usual collimation technique based on double grating imaging uses Talbot self-imaging magnification [16] . When a collimated beam passes through a diffraction grating, self-images of the grating appear in the near field at certain distances, known as Talbot distances, which are z T ¼ np 2 =λ, where p is the period of the grating, λ is the wavelength, and n is an integer. On the other hand, when the light beam is not collimated, the Talbot distances change [17] [18] [19] . In both cases moiré fringes can be obtained when a second grating with the same period as the first is placed at some Talbot plane. Consequently, a way to test the collimation degree using a double grating system is to place the second grating at the location of the selfimages. Then the beam collimation is varied until the amplitude or contrast of the fringes formed after the second grating reaches a maximum. Although this technique leads to an easy collimation test, the resolution of the technique is low since it depends on the width of the self-images along z.
Here we propose an accurate collimation technique based on double grating imaging in which the measurement is performed to determine the phase shift between two optical signals captured after the second grating with two photodetectors laterally displaced with respect to the optical axis. The relative phase between both signals strongly depends on the degree of collimation of the beam. As a result, the accuracy of this technique is very high, as we demonstrate by experimental and theoretical results. An electronic circuit can measure the phase shift between both signals and therefore the proposed technique can be implemented in an automated fashion. Also, the collima-tion can be easily performed using a visual technique by means of the Lissajous figure obtained with both signals.
In Section 2 we use a near-field approach to obtain the intensity distribution of a double grating system (moiré system) when the emitter is not at the focus of the collimating lens. Analytical expressions are obtained that allow us to relate the phase shift of the signals and the defocus. In Section 3 we analyze the Lissajous figures obtained for different defocus degrees so that we propose a simple visual collimating test. Finally, in Section 4 an experimental demonstration of the system behavior is presented comparing it with the analytical results and corroborating its validity. For a standard configuration, a defocus of 1 μm can be detected with the proposed technique.
Noncollimated Beams through a Double Grating System
Let us consider the double grating system in a onedimensional approach as shown in Fig. 1(a) . For simplicity, let us consider a one-dimensional approach. A punctual and monochromatic light source with wavelength λ is placed at a distance z 0 from an aberrationfree collimating lens, L 1 , whose focal length is f . Then the light beam propagates a distance z 1 to the first diffraction grating G 2 and a distance z 2 from the first to the second grating G 3 . The periods of both gratings are the same, p 2 ¼ p 3 ¼ p. The distance between G 2 and G 3 , z 2 , should be a multiple of the Talbot distance, z T ¼ p 2 =λ, to obtain fringes with high contrast just behind the second grating. Henceforth, subindices 0, 1, 2, and 3 refer to the light source, the lens, the first grating, and the second grating, respectively. Two photodetectors are positioned behind the second grating to convert the optical signals into electrical signals. Both photodetectors are symmetrically located with respect to the z axis, over the same x − y plane. In Fig. 1(a) the system is shown when the emitter is at the focal point of the lens (z 0 ¼ f ). In contrast, when the emitter is out of focus, as in Fig. 1(b) , the beam is not collimated, and z 0 ¼ f þ Δz, with Δz denoting a small displacement along the z axis with respect to the focal plane.
The transmittance of gratings G 2 and G 3 is described by means of their Fourier series expansion as t 2 ðxÞ ¼ X n a n exp½iqnðx − Δx 2 Þ;
where q ¼ 2π=p, a n and b m are the Fourier coefficients of both gratings, Δx 2 and Δx 3 represent the relative displacement of the gratings with respect to the origin, and n and m are integers. We assume that p is much larger than the wavelength so that a scalar approach can be used. The field in front of collimating lens L 1 can be obtained using a one-dimensional Fresnel approximation, resulting in
where k ¼ 2π=λ and U 0 is the amplitude of the light field. Just behind the lens, defined as h l ðxÞ ¼ expð−ikx 2 =2f Þ, the field results in U
Since the defocus distance Δz is usually much smaller than the focal length of the lens, Δz ≪ f , we can approximate the complex amplitude just after the collimating lens as
Equation (3) describes the propagation of a spherical wave except when Δz ¼ 0 results as a plane wave. When this wave propagates a distance z 1 , the complex amplitude results:
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; ð4Þ
. Now, using Eqs. (4) and (1), we propagate the wave through the first grating U 0 2 ðx 2 Þ ¼ U 2 ðx 2 Þt 2 ðx 2 Þ, followed by a distance z 2 to the second grating, resulting in 
Thus we can write the intensity as
The first exponential is related to the phase shift produced by the movement of grating G 2 , the second exponential is related to the period of selfimages, and the last exponential is related to changes in the position of the Talbot planes.
The intensity distribution just behind the second grating, I 0 3 ðx 3 Þ ¼ I 3 ðx 3 Þt 3 ðx 3 Þ, is given by
Behind the second grating, a pair of photodetectors is used to transform the optical signals into electrical signals. The detectors have area size w and their centers are placed at x a and −x a . Signals S A and S B over the detectors are defined as an integration of I 0 3 ðx 3 Þ over the area of the photodetector:
x a −w=2
which result in
where S A;B ðΔx 2 Þ represents both signals S A ðΔx 2 Þ and S B ðΔx 2 Þ since we included a AE sign in Eq. (9).
The effect of defocus appears in the last three factors of Eq. (9). The first (the exponential term that depends on n 2 ) indicates that the location of the Talbot planes changes the defocus of the light source. The second (the exponential term that depends on n) indicates that there is a phase shift of the signal since the period of the self-images produced by the first grating, G 2 , is not equal to that of the grating. This phase shift between signals S A ðΔx 2 Þ and S B ðΔx 2 Þ governs the measurement principle for this technique. The third (the sinc factor) indicates that the contrast of the signal decreases since the period of the optical signal is not equal to the period of the second grating G 3 .
Nevertheless, the variation of the location of Talbot planes is normally very small when Δz ≪ f , and it does not produce a significant variation of the signal amplitude. As is shown in Fig. 2 , the signal over detector is near constant when the light source moves approximately 30 μm around the focal plane. Also, the size of the photodetectors is normally much larger than the period of the grating, w ≫ p. Then, the sinc term is significant only when the argument is close to zero, that is, when m ¼ −n þ n 0 . Therefore, the sum over m can be removed and the final expression for the signals over both detectors results in
Note that, to obtain signals S A and S B , a relative displacement of grating G 2 with respect to the rest of components is required. Then there is a temporal dependence of signals with time Δx 2 ¼ Δx 2 ðtÞ. The main effect of defocus is a variation in the relative phase between signals S A and S B , produced by the last exponential term. This phase shift increases as the distance between the center of the photodetectors and the optical axis, x a , increases. As a consequence, a highly sensitive collimation technique can be performed by determining the phase shift between both electrical signals, which can be measured as the distance between the maxima of both signals. This measurement can be easily automated by means of cross correlation between both signals S A ðΔx 2 Þ and S B ðΔx 2 Þ:
which can be carried out using a simple electronic circuit. Signals S A ðΔx 2 Þ and S B ðΔx 2 Þ present the same shape but are displaced from each other. Then the cross correlation presents a maximum whose position x max depends on the phase shift between them. This phase shift can be obtained by 2πx max =p.
In addition, for this case the value of Δx
is not important; we can set it to Δx We can analyze the signals at the detectors by using Eq. (10) . As an example, let us consider that the wavelength is λ ¼ 650 nm, the grating period is p ¼ 100 μm, the focal length of the collimating lens is f ¼ 10 mm, and both detectors have length w ¼ 1 mm and are placed at x a ¼ 4 mm. The distance between components is z 1 ¼ 1 mm, and z 2 ¼ p 2 =λ (the first Talbot distance) to obtain self-images of the first grating over the detectors positioned behind the second grating.
We first calculate signals S A and S B , which are shown in Fig. 3 ; defocus Δz ¼ 1 μm is shown in Fig. 3(a) and defocus Δz ¼ 10 μm is shown in Fig.  3(b) . Although it is difficult to visually appreciate a displacement between the signals along the x axis, we can obtain a numerical value for this phase shift by just measuring the displacement between maximum peaks by means of correlation.
The effect of defocusing over the phase shift between signals is shown in Fig. 4 . When the light source is not at focus, the signals present a displacement that can be measured by determining the phase shift between signals S A and S B . In the example proposed, a defocus of Δz ¼ AE10 μm produces a phase shift of AE10°. In practice, due to the manufacturing process, an error of approximately AE0:1 μm exists in the shift between the two scanning gratings Δx 3 . In the proposed example that means an error in the phase shift of AE0:36°. In any case, this is a fixed error and it could be measured and conveniently corrected for a real device.
Visual Criterion for Collimation
When an automated procedure is not required or available but a visual criterion is enough, we can use Lissajous curves produced by signals S A and S B to place the light source in the focal plane of the lens. Grating G 2 moves with respect to the rest of the components. Then there is a displacement Δx 2 that depends on time Δx 2 ¼ Δx 2 ðtÞ. This time variation produces the Lissajous figures S A ðΔx 2 Þ, S B ðΔx 2 Þ → S A ðtÞ, and S B ðtÞ.
When the phase shift between both electrical signals is Δx ¼ AEp=4. However, when the beam is not collimated, an additional shift is produced and then the Lissajous figure becomes an ellipse whose eccentricity depends on the shift between both signals. This dependence leads us to propose a simple visual criterion to determine the degree of collimation. As an example, Lissajous figures for different defocus distances Δz are shown in Fig. 5 . In this case, we can visually appreciate variations in the Lissajous figure for defocus of less than 1 μm. Since the effect of defocusing differs depending on the sign of Δz, we can detect the direction in which we need to move the emitter. 
Experimental Results
We performed an experiment to validate the theoretical predictions. A scheme of the setup is shown in Fig. 6 . The illumination part consists of a LED (HE8807SG by Hitachi) with wavelength λ ¼ 880 nm and a lens with a focal length of f ¼ 9 mm. The LED is positioned on a micrometric linear stage so that it can be moved with respect to the lens. The lens is placed on a metallic cylinder and the LED is displaced to ensure that it is perfectly aligned at the optical axis. The first grating G 2 is an amplitude grating with period p ¼ 20 μm, and it is placed at a distance z 1 ¼ 20 mm from the lens. The second grating G 3 is composed of two gratings with period p ¼ 20 μm and with a lateral shift of Δx The experiment consists of moving the first grating along the x axis and acquiring the signals of the propagated intensity after the second grating. A posterior step is to perform a summation of the intensity for each photodetector separately, obtaining signals S A and S B . These signals are acquired for several distances Δz between the LED and the focal plane of the lens. As an example, the experimental Lissajous figures (crosses) for Δz ¼ −1 μm and Δz ¼ 10 μm are shown in Fig. 7 , where a variation in the shape is observed. In addition, in Fig. 7 we include the theoretical prediction (solid curve) given by the theoretical expressions using the experimental values for all the variables. The experimental Lissajous figures appear off-center since one of the two photodetectors collected more light than the other. We then centered the theoretical prediction to emphasize the almost perfect concordance between theory and experiment.
We also determined the phase shift between signals S A and S B in terms of Δz using a correlation technique, as is shown in Fig. 8 . We can see that, for a displacement of Δz ¼ 5 μm, there is a phase shift of 1°, which can be easily detected. Since resolutions of 0:1°in the determination of the phase shift of two sinusoidal signals can be achieved, we could obtain a resolution of approximately 0:5 μm by placing the LED in the focal plane of the lens.
Conclusions
We have presented a technique to place a light source in the focal plane of a lens to obtain a collimated light beam. The technique is based on a double grating system and consists of measuring the phase shift produced in the signals acquired with two photodetectors that are off axis. A Fresnel approach is used to obtain the analytical expressions that describe the system. Also, experimental results show the validity of the technique. The sensitivity of the method is quite good in comparison with conventional collimation methods. Displacements of Δz ≈ 1 μm are detectable.
